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THE JIANG-SU ABSORPTION FOR INCLUSIONS OF UNITAL
C*-ALGEBRAS
HIROYUKI OSAKA∗ AND TAMOTSU TERUYA
Abstract. We introduce the tracial Rokhlin property for a conditional ex-
pectation for an inclusion of unital C*-algebras P ⊂ A with index finite, and
show that an action α from a finite group G on a simple unital C*-algebra
A has the tracial Rokhlin property in the sense of N. C. Phillips if and only
if the canonical conditional expectation E : A → AG has the tracial Rokhlin
property. Let C be a class of infinite dimensional stably finite separable unital
C*-algebras which is closed under the following conditions:
(1) A ∈ C and B ∼= A, then B ∈ C.
(2) If A ∈ C and n ∈ N, then Mn(A) ∈ C.
(3) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
We prove that for any simple unital C*-algebra A which is also local tracial
C-algebra in the sense of Fan and Fang, if any C*-algebra in C is weakly
semiprojective and E : A → P is of finite index type with the tracial Rokhlin
property, P is a unital local tracially C-algebra. The main result is that if A
is simple, separable, unital nuclear, the Jiang-Su absorbing and E : A → P
has the trcial Rokhlin poperty, then P is the Jiang-Su absorbing. As an
application, when an action α from a finite group G on a simple unital C*-
algebra A has the tracial Rokhlin property, then for any subgroup H of G the
fixed point algebra AH and the crossed product algebra A ⋊α|H H has the
Jiang-Su absorbing. We also show that the strictly comparision property for a
Cuntz semigroup W (A) is hereditary to W (P ) if A is simple, separable, exact,
unital, and E : A→ P has the trcial Rokhlin property.
1. Introduction
The purpose of this paper is to introduce the tracial Rokhlin property for an
inclusion of separable simple unital C*-algebras P ⊂ A with finite index in the
sense of [33], and prove theorems of the following type. Suppose that A belongs
to a class of C*-algebras characterized by some structural property, such as tracial
rank zero in the sense of [14]. Then P belongs to the same class. The classes we
consider include:
• Simple C*-algebras with real rank zero or stable rank one.
• Simple C*-algebras with tracial rank zero or tracial rank less than or equal
to one.
• Simple C*-algebras with the Jiang-Su algebra Z absorption.
• Simple C*-algebras for which the order on projections is determined by
traces.
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• Simple C*-algebras with the strict comparison property for the Cuntz semi-
group.
The 3rd condition and 5th condition are important properties related to Toms
and Winter’s conjecture, that is, the properties of strict comparison, finite nu-
clear dimension, and Z-absorption are equivalent for separable simple infinite-
dimensional nuclear unital C*-algebras ([31] and [35]).
We show that an action α from a finite group G on a simple unital C*-algebra A
has the tracial Rokhlin property in the sense of [24] if and only if the canonical con-
ditional expectation E : A→ AG has the tracial Rokhlin property for an inclusion
AG ⊂ A. When an action α from a finite group on a (not necessarily simple) unital
C*-algebra has the Rokhlin property in the sense of [9], all of the above results are
proved in [22][23].
The essential observation is already done in the proof of Theorem 2.2 of [24] the
crossed product A⋊αG (= C
∗(G,A, α) in [24]) has a local approximation property
by C*-algebras stably isomorphic to homomorphic images of A. Since the Jiang-
Su algebra Z belongs to classes of direct limits of semiprojective building blocks
in [10], technical difficulties arises because we must treat arbitrary homomorphic
images in the approximation property. (Homomorphic images of semiprojective
C*-algebras need not be semiprojective.) In [36] they introduced the unital local
tracial C property, which is generalized one of a local C property in [20], for proving
that a C*-algebra with a local approximation property by homomorphic images of
a suitable class C of semiprojective C*-algebras can be written as a direct limit
of algebras in the class. When each homomorphism is injective, the unital local
tracial C property is equivalent to the tracial approximation property in [4]. Note
that when an action α from a finite group G on a simple unital C*-algebra A, the
tracial approximation property for A is inherited to the crossed product algebra
A⋊α G. (See [36] and Theorem 3.3.)
We know of several results like those above for tracial approximation in the
literature: for stable rank one (Theorem 4.3 of [4] and [6]), for real rank zero ([6]),
for the Z-absorption (Corollary 5.7 of [8]), for the Blackadar comparson property
(Theorem 4.12 in [4]).
The paper is organized as follows. In section 2 we introduce the notion of a unital
local tracial C-algebra and a tracial approximation class (TAC class) and we show
in section 3 that when an action α from a finite group G on a simple unital C*-
algebra A has the tracial Rokhlin property, then the crossed product algebra A⋊αG
belongs to the class TAC for A in TAC. In section 4 we introduce the tracial Rokhlin
property for an inclusion P ⊂ A of unital C*-algebras and show that if A is a simple
local tracial C-algebra, then so is P (Theorem 4.11). In particular, if A has tracial
topological rank zero (resp. less than or equal to one), so does P (Corollary 4.12).
In section 5 we preset a main theorem, that is, let an inclusion P ⊂ A of separable
simple nuclear unital C*-algebras be of index finite type with the tracial Rokhlin
property, and suppose that A is Z-absorbing, then so does P (Theorem 5.4). As
an application, any fixed point algebra AH for any subgroup H of a finite group G
is Z-absorbing under the assumption that an action α from G on a simple nuclear
unital C*-algebra A such that A is Z-absorbing (Corollary 5.5). Before treating
the strict comparison for a Cuntz semigroup, we consider the Cuntz equivalent for
positive elements and show that under the assumption that an inclusion P ⊂ A
of unital C*-algebras has the tracial Rokhlin property, if for n ∈ N and positive
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elements a, b ∈Mn(P ) a is subequivalent to b in Mn(A), then a is subequivalent to
b in Mn(P ) (Proposition 6.2). Finally, we consider the strict comparison property
for a Cuntz semigroup and show that the strict comparison property is inherited
to P when an inclusion P ⊂ A of simple separable exact unital C*-algebras has
the tracial Rokhlin property and A has the strict comparison (Theore 7.2). Using
the similar argument we show that if an inclusion P ⊂ A of separable simple unital
C*-algebras has the tracial Rokhlin property and the order on projections in A is
determined by traces, then the order on projections in P is determined by traces
(Corollary 7.3).
2. Local tracial C-algebra
We recall the definition of local C-property in [20].
Definition 2.1. Let C be a class of separable unital C*-algebras. Then C is finitely
saturated if the following closure conditions hold:
(1) If A ∈ C and B ∼= A, then B ∈ C.
(2) If A1, A2, . . . , An ∈ C then
⊕n
k=1 Ak ∈ C.
(3) If A ∈ C and n ∈ N, then Mn(A) ∈ C.
(4) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
Moreover, the finite saturation of a class C is the smallest finitely saturated class
which contains C.
Definition 2.2. Let C be a class of separable unital C*-algebras. A unital local
C-algebra is a separable unital C*-algebra A such that for every finite set S ⊂ A
and every ε > 0, there is a C*-algebra B in the finite saturation of C and a unital
*-homomorphism ϕ : B → A (not necessarily injective) such that dist(a, ϕ(B)) < ε
for all a ∈ S.
When B in Definition 2.2 is non unital, we perturb the condition as follows:
Definition 2.3. Let C be a class of separable unital C*-algebras.
(i) A unital C*-algebra A is said to be a unital local tracial C-algebra ([36])
if for every finite set F ⊂ A and every ε > 0, and any non-zero a ∈ A+,
there exist a non-zero projection p ∈ A, a sub C*-algebra C ⊂ A, and
*-homomorphism ϕ : C → A such that C ∈ C, ϕ(1C) = p, and for all
x ∈ F ,
(1) ‖xp− px‖ < ε,
(2) pxp ∈ε ϕ(C), and
(3) 1− p is Murray-von Neumann equivalent to a projection in aAa.
(ii) A unital C*-algebra A is said to belong to the class TAC ([4]) if for every
finite set F ⊂ A and every ε > 0, and any non-zero a ∈ A+, there exist a
non-zero projection p ∈ A and a sub C*-algebra C ⊂ A such that C ∈ C,
1C = p, and for all x ∈ F ,
(1) ‖xp− px‖ < ε,
(2) pxp ∈ε C, and
(3) 1− p is Murray-von Neumann equivalent to a projection in aAa.
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Remark 2.4. (1) When a unital C*-algebra A is a unital local tracial C-
algebra and each ϕ(C) ∈ C, A belongs to the class TAC.
(2) If C is the set of finite deimensional C*-algebras F , and the class of interval
algebras I , respectively, then a local TAF -algebra belongs to the class of
C*-algebras of tracially AF C*-algebras ([14]), and a local TAI -algebra
belongs to the class of tracial topological one (TAI- algebras) ([16]) in the
sense of Lin, respectively.
We have the following relation between the local C property and the local tracial
approximational C property.
Recall that a C*-algebra A is said to have the Property (SP) if any nonzero
hereditary C*-subalgebra of A has a nonzero projection.
Proposition 2.5. Let C be a finite saturated set and A be a local tracial C-algebra.
Then A has the property (SP) or A is a local C algebra.
Proof. Suppose that A does not have the Property (SP). Then there is a positive
element a ∈ A such that aAa has no non zero projection. Since A is a local TAC-
algebra, for every finite set F ⊂ A and every ε > 0, we conclude that there are a
unital C*-algebra C in the class C and a unital *-homomorphism ϕ : C → A such
that F can be approximated by a C*-algebra ϕ(C) to whithin ε. Hence A is a local
C-algebra.
3. Tracial Rokhlin property for finite group actions
Inspired by the concept of the tracial AF C*-algebras in [14] Phillips defined the
tracial Rokhlin property for a finite group action in [24, Lemma 1.16] as follows:
Definition 3.1. Let α be the action of a finite group G on a unital an infinite
dimensional finite simple separable unital C*-algebra A. An α is said to have the
tracial Rokhlin property if for every finite set F ⊂ A, every ε > 0, and every nonzero
positive x ∈ A, there are mutually orthogonal projections eg ∈ A for g ∈ G such
that:
(1) ‖αg(eh)− egh‖ < ε for all g, h ∈ G.
(2) ‖ega− aeg‖ < ε for all g ∈ G and all a ∈ F .
(3) With e =
∑
g∈G eg, the projection 1−e is Murray-von Neumann equivalent
to a projection in the hereditary subalgebra of A generated by x.
It is obvious that the Rokhlin property is stronger than the tracial Rokhlin
property. As pointed in [9] the Rokhlin property gives rise to several K-theoretical
constrains. For example there is no action with the Rokhlin property on the non-
commutative 2-torus. On the contrary, if A is a simple higher dimensional non-
commutative torus, which standard unitary generators u1, u2, . . . , un, then the au-
tomorphism which sends uk to exp(2pi/n)uk, and fixes uj for j 6= k, generates an
action Z/nZ and has the tracial Rokhlin property, but for n > 1 never has the
Rokhlin property ([24]).
Lemma 3.2. ([24], [1]) Let a be an infinite dimensional stably finite simple C*-
algebra with the Property SP. Let G be a finite group of order n and let α : G →
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Aut(A) be an action of G with the tracial Rokhlin property. Then for any ε > 0,
every N ∈ N, any finite set F ⊂ A ⋊α G, and any non-zero z ∈ (A ⋊α G)
+, there
exist a non-zero projection e ∈ A ⊂ A⋊αG, a unital C*-subalgebraD ⊂ e(A⋊αG)e,
a projection f ∈ A and an isomorphism φ : Mn ⊗ fAf → D, such that
• For every a ∈ F ‖ea− ae‖ < nε.
• With (egh) for g, h ∈ G being a system of matrix units for Mn, we have
φ(e11 ⊗ a) = a for all a ∈ fAf and φ(egg ⊗ 1) ∈ A for g ∈ G.
• With (egg) as in (1), we have ‖φ(egg ⊗ a)− αg(a)‖ ≤ ε‖a‖ for all a ∈ fAf .
• For every a ∈ F there exist b1, b2 ∈ D such that ‖ea−b1‖ < ε, ‖ae−b2‖ < ε
and ‖b1‖, ‖b2‖ ≤ ‖a‖.
• e =
∑
g∈G φ(egg ⊗ 1).
• 1− e is Murray-von Neumann equivalent to a projection in z(A⋊α G)z.
Proof. This comes from the same argument in Lemma 3.1 of [1].
Theorem 3.3. Let C be a class of infinite dimensional stably finite separable unital
C*-algebras which is closed under the following conditions:
(1) A ∈ C and B ∼= A, then B ∈ C.
(2) If A ∈ C and n ∈ N, then Mn(A) ∈ C.
(3) If A ∈ C and p ∈ A is a nonzero projection, then pAp ∈ C.
For any simple C*-algebra A ∈ TAC and an action α of a finite group G if α has
the tracial Rokhlin property, then the crossed product algebra A ⋊α G belongs to
the class TAC.
Proof. Since α is outer by Lemma 1.5 of [24], A⋊α G is simple by Theorem 3.1 of
[12].
By Lemma 1.13 of [24], A has the Property (SP) or α has the strictly Rokhlin
property.
If α has the strictly Rokhlin property, then A ⋊α G ∈ TAC from the argument
in the proof of Proposition 1.7 in [20].
Let F ⊂ A⋊α G be a finite set with ‖z‖ ≤ 1 and let ε > 0.
Next, suppose that A has the property SP. Then there exists a non-zero projec-
tion q ∈ A which is Murray-von Neumann equivalent in A⋊α G to a projection in
z(A⋊α G)z by Theorem 2.1 of [19]. Since A is simple, take orthogonal projections
q1, q2 with q1, q2 ≤ q by [15]. Set n = card(G), and set ε0 =
1
16nε.
By Lemma 3.2 for n as given, for ε0 in place of ε, and for q1 in place of z there
exist a non-zero projection e ∈ A ⊂ A⋊αG, a unital C*-subalgebraD ⊂ e(A⋊αG)e,
a projection f ∈ A and an isomorphism φ : Mn ⊗ fAf → D, such that
(0) For every a ∈ F ‖ea− ae‖ < nε0.
(i) With (egh) for g, h ∈ G being a system of matrix units for Mn, we have
φ(e11 ⊗ a) = a for all a ∈ fAf and φ(egg ⊗ 1) ∈ A for g ∈ G.
(ii) With (egg) as in (1), we have ‖φ(egg ⊗ a)− αg(a)‖ ≤ ε0 for all a ∈ fAf .
(iii) For every a ∈ F there exist d1, d2 ∈ D such that ‖ea−d1‖ < ε0, ‖ae−d2‖ <
ε0 and ‖d1‖, ‖d2‖ ≤ 1.
(iv) e =
∑
g∈G φ(egg ⊗ 1).
(v) 1− e is Murray-von Neumann equivalent to a projection in q1(A⋊α G)q1.
We note that there is a finite set T in the closed ball of Mn⊗ fAf such that for
every a ∈ F there are b1, b2 ∈ T such that ‖ea−φ(b1)‖ < ε0 and ‖ae−φ(b2)‖ < ε0.
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Since A is simple, we choose equivalent nonzero projections f1, f2 ∈ A such that
f1  f and f2  q2 by [15]. Since Mn ⊗ fAf ∈ TAC by Lemma 2.3 of [4], there is
a projection p0 ∈Mn⊗ fAf and a C*-subalgebra C ⊂Mn⊗ fAf such that C ∈ C,
1C = p0 such that ‖p0b − bp0‖ <
1
4ε for all b ∈ T , such that for every b ∈ T there
exists c ∈ C with ‖p0bp0 − c‖ <
1
4ε, and such that 1− p0  e11 ⊗ f1 in Mn ⊗ fAf .
Set p = φ(p0), and set E = φ(C), which is a unital subalgebra of p(A ⋊α G)p
and belongs to C. Note that e− p = φ(1 − p0)  φ(e11 ⊗ f1) = f1.
Let a ∈ F . Choose b ∈ T such that ‖φ(b) − eae‖ < ε0 <
1
4ε. Then, using
pe = ep = p,
‖pa− ap‖ ≤ 2‖ea− ae‖+ ‖peae− eaep‖
≤ 2‖ea− ae‖+ 2‖eae− φ(b)‖ + ‖p0b− bp0‖
< 2nε0 + 2ε0 + ε0
= (2n+ 3)ε0 < ε.
Choosing c ∈ C such that ‖p0bp0−c‖ <
1
4ε, the element φ(c) is in E and satisfies
‖pap− φ(c)‖ = ‖peaep− φ(c)‖
= ‖p(eae− φ(b))p+ pφ(b)p− φ(c)‖
≤ ‖eae− φ(b)‖+ ‖p0bp0 − c‖
<
1
4
ε+
1
4
ε < ε.
Finally, in A⋊α G we have
1− p = (1− e) + (e− p)  q1 + q2 ≤ q
and q is Murray-von Neumann equivalent to a projection in z(A⋊α G)z.
Theorem 3.4. ([6]) Let A be an infinite dimensional simple separable unital C*-
algebra with stable rank one and let α : G→ Aut(A) be an action of a finite group
G with the tracial Rokhlin property. Then A⋊α G has stable rank one.
Proof. Let C be the set of unital C*-algebras with stable rank one. Then C is closed
under three conditions in Theorem 3.3. Then from Theorem 3.3 A⋊αG belongs to
the class TAC.
Hence from Therem 4.3 of [4] A⋊α G has stable rank one.
We can also show that when C is the class of unital separable C*-algberas with
real rank zero and A is a simple unital C*-algebra in the class TAC, A has real rank
zero.
Theorem 3.5. Let C be the class of unital separable C*-algberas with real rank
zero. Then any simple unital C*-algebra in the class TAC has real rank zero.
Proof. We can deduce it from the same argument in the proof of Theorem 4.3 in
[4].
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Corollary 3.6. ([6]) Let A be an infinite dimensional simple separable unital C*-
algebra with real rank zero and let α : G → Aut(A) be an action of a finite group
G with the tracial Rokhlin property. Then A⋊α G has real rank zero.
Proof. Let C be the set of unital C*-algebras with real rank zero. Then C is closed
under three conditions in Theorem 3.3. Then from Theorem 3.3 A⋊αG belongs to
the class TAC.
Hence from Theorem 3.5 A⋊α G has real rank zero.
Theorem 3.7. Let A be an infinite dimensional simple separable unital C*-algebra
such that the order on projections over A is determined by traces and let α : G→
Aut(A) be an action of a finite group G with tracial Rokhlin property. Then the
order on projections over A⋊α G is determined by traces.
Proof. Let C be the set of unital C*-algebras such that the order on projections
over them is determined by traces. Then C is closed under three conditions in
Theorem 3.3. Then from Theorem 3.3 A⋊α G belongs to the class TAC.
Hence from Therem 4.12 of [4] the order on projections over A⋊αG is determined
by traces.
Definition 3.8. Let T (0) be the calss of all finite dimensional C*-algebras and let
T (k) be the class of all C*-algebras with the form pMn(C(X))p, where X is a finite
CW complex with dimension k and p ∈Mn(C(X)) is a projection.
A simple unital C*-algebra A is said to have tracial topological rank no more
than k if for any set F ⊂ A, and ε > 0 and any nonzero positive element a ∈ A,
there exists a C*-subalgebra B ⊂ A with B ∈ T (k) and idB = p such that
(1) ‖xp− px‖ < ε
(2) pxp ∈ε C, and
(3) 1− p is Murray-von Neumann equivalent to a projection in aAa.
Theorem 3.9. ([21]) Let A be an infinite dimensional simple unital C*-algebra
with tracial topological rank no more than or equal to k, and α : G → Aut(A) be
an action of a finite group G with tracial Rokhlin property. Then A⋊αG has tracial
topological rank more than or equal to k.
Proof. Let C be the set T (k). Then T (k) is closed under three conditions in The-
orem 3.3. Then from Theorem 3.3 A ⋊α G belongs to the class TAC. This means
that A ⋊α G has tracial topological rank no more that or equal to k from the
Definition 3.8.
4. Tracial Rokhlin property for a inclusion of unital C*-algebras
Let P ⊂ A be a inclusion of unital C*-algebras and E : A→ P be a conditional
expectation of index finite.
As in the case of the Rokhlin property in [13] we can define the tracial Rokhlin
property for a conditional expectation for an inclusion of unital C*-algebras.
8 HIROYUKI OSAKA∗ AND TAMOTSU TERUYA
Definition 4.1. Let P ⊂ A be an inclusion of unital C*-algebras and E : A → P
be a conditional expectation of index finite. A conditional expectation E is said to
have the tracial Rokhlin property if for any nonzero positive z ∈ A∞ there exists a
projection e ∈ A′ ∩ A∞ satisfying
(IndexE)E∞(e) = g
is a projection and 1− g is Murray-von Neumann equivalent to a projection in the
hereditary subalgebra of A∞ generated by z, and a map A ∋ x 7→ xe is injective.
We call e a Rokhlin projection.
As in the case of an action with the tracial Roklin property ([24, Lemma 1.13]) if
E : A→ P is a conditional expectation of index finite type for an inclusion of unital
C*-algebras P ⊂ A and E has the tracial Rokhlin property, then A has Property
(SP) or E has the Rokhlin property, that is, there is Rokhlin projection e ∈ A′∩A∞
such that (IndexE)E∞(e) = 1.
Lemma 4.2. Let P ⊂ A be an inclusion of unital C*-algebras and E : A → P
be a conditional expectation of index finite type. Suppose that E has the tracial
Rokhlin property, then A has the Property (SP) or E has the Rokhlin property.
Proof. If A does not have the Property (SP), then A∞ does not have Property (SP),
that is, there is a nonzero positive element x ∈ A∞ which generates a hereditary
subalgebra which contains no nonzero projection. Since E has the tracial Rokhlin
property, there exists a projection e ∈ A∞ such that 1 − (IndexE)E
∞(e) is equiv-
alent to some projection in xA∞x. Hence 1 − (IndexE)E∞(e) = 0. This implies
that E has the Rokhlin property.
Remark 4.3. (1) When A has the Property (SP), we know that g in Defini-
tion 4.1 is not zero. Indeed, since A∞ has the Property (SP), from [24,
Lemma 1.15] for a positive element x ∈ A∞ with ‖x‖ = 1 and ε > 0 there
exists a nonzero projection q ∈ xA∞x such that, whenever 1 − g  q ∈
xA∞x, then
‖gxg‖ > 1− ε.
This implies that g 6= 0.
(2) We always have g ∈ P ′ ∩ P∞. Indeed, for any x ∈ P
xg = x(IndexE)E∞(e)
= (IndexE)E∞(xe)
= (IndexE)E∞(ex)
= (IndexE)E∞(e)x
= gx.
Remark 4.4. In Definition 4.1 when A is simple,
(1) we do not need the injectivity of the map A ∋ x 7→ xe.
(2) we have ege = e. Indeed, since A is simple, IndexE is scalar by [33,
Remark 2.3.6] and from [33, Lemma 2.1.5 (2)] we have
E(e) ≥
1
(IndexE)2
e,
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hence g ≥ 1IndexE e. Then
(1− g)
1
IndexE
e(1− g) = 0
(1− g)e = 0
e = ge = ege
(3) Let E : A→ P be of index finite with the tracial Rokhlin property and let
consider the basic extension
P ⊂ A ⊂ B.
Then the Rokhlin projection e ∈ A′ ∩ A∞ satisfies eBe = Ae.
Indeed, let ep be the Jones projection for the inclusion A ⊃ P . Set
f = IndexEeepe. Then
f2 = (IndexE)2eepeepe
= (IndexE)2eE∞(e)epe
= (IndexE)2eE∞(e)epe
= (IndexE)egepe
= (IndexE)eepe
= f.
Since
Eˆ∞(e − f) = e − IndexEEˆ∞(eepe)
= e − e = 0,
we have e = f = IndexEeepe, Eˆ is the dual conditional expectation for E.
Then we have for any x, y ∈ A
e(xepy)e = xeepey
= (IndexE)−1xey
= (IndexE)−1xye ∈ Ae.
Hence eBe ⊂ Ae. Conversely, since A ⊂ B, Ae ⊂ eBe, and we conclude
that eBe = Ae.
The following is the heredity of the Property SP for an inclusion of unital C*-
algebras.
Proposition 4.5. Let P ⊂ A be an inclusion of unital C*-algebras with index finite
type. Suppose that A is simple and E : A → P has the tracial Rokhlin property.
Then we have
(1) P is simple.
(2) A has the Property (SP) if and only if P has the Property (SP).
Proof. (1): Let e be a Rokhlin projection for E and P ⊂ A ⊂ B be the basic
extension. Since P is stably isomorphic to B, we will show that B is simple, that
is, B′ ∩B = C.
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Since e = [(en)] ∈ A
′ ∩ A∞, for any x ∈ A′ ∩B we have
ex = [(en)]x = [(enx)] = [(xen)] = xe.
We may assume that x = a1epa2, where ep is the Jones projection for E. Then
xe = exe
= e(a1epa2)e
= a1eepea2
= (IndexE)−1a1a2e
= Eˆ(x)e,
where Eˆ : B → A be the dual conditional expectation of E. Note that Eˆ(x) ∈ A′.
Hence we have xe ∈ (A′ ∩ A)e.
Since A is simple and (B′∩B)e ⊂ (A′∩B)e ⊂ (A′∩A)e, we have (B′∩B)e = Ce.
Since the map ρ : A′ ∩B → (A′ ∩B)e by ρ(x) = xe is an isomorphism, B′ ∩B = C,
that is, B is simple, and P is simple.
(2): It follows from [19].
Proposition 4.6. Let G be a finite group, α an action of G on an infinite dimen-
sional finite simple separable unital C*-algebra A, and E the canonical conditional
expectation from A onto the fixed point algebra P = Aα defined by
E(x) =
1
|G|
∑
g∈G
αg(x) for x ∈ A,
where |G| is the order of G. Then α has the tracial Rokhlin property if and only if
E has the tracial Rokhlin property.
Proof. Suppose that α has the tracial Rokhlin property. Since A is separable, there
is an increasing sequence of finite sets {Fn}n∈N ⊂ A such that ∪n∈NFn = A. Let
any nonzero positive element x = (xn) ∈ A
∞. Then we may assume that each xn
is nonzero positive element. The simplicity of A implies that the map A ∋ x 7→ xe
is injective.
Since α has the tracial Rokhlin property, for each n there are mutually orthogonal
projections {eg,n}g∈G such that
‖αh(eg,n)− ehg,n‖ <
1
n
for all g, h ∈ G,
‖[eg,n, a]‖ <
1
n
for all g ∈ G, and a ∈ Fn with ‖a‖ ≤ 1
1−
∑
g∈G
eg,n
is equivalent to a nonzero projection qn in xnAxn.
Set eg = [(eg,n)] ∈ A
∞ for g ∈ G. Then for all g, h ∈ G
‖α∞h (eg)− ehg‖ = lim sup ‖αh(eg,n)− ehg,n‖ = 0,
hence α∞h (eg) = ehg for all g, h ∈ G.
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For all a ∈ ∪n∈NFn with ‖a‖ ≤ 1 and all g ∈ G we have
‖[eg, a]‖ = lim sup ‖[eg,n, a]‖ = 0,
hence eg ∈ A∞ for all g ∈ G.
Set q = (qn) ∈ A
∞. Then q is nonzero projection in xA∞x and
1−
∑
g∈G
eg = (1−
∑
g∈G
eg,n) ∼ (qn) = q.
Therefore, if we set e = e1 for the identity element 1 in G, then e ∈ A
′∩A∞ and
E∞(e) =
1
|G|
∑
g∈G
α∞g (e)
=
1
|G|
∑
g∈G
eg
and
1− |G|E∞(e) = 1−
∑
g∈G
eg ∼ q ∈ xA∞x.
It follows that E has the tracial Rokhlin property.
Conversely, suppose that E has the tracial Rokhlin property. From Lemma 4.2
A has the Propety (SP) or E has the Rokhlin property. If E has the Rokhlin
property, then α has the Rokhlin property by Proposition 3.2 in [13], hence α has
the tracial Rokhlin property from the definition.
We may assume that A has Property (SP). Then for any finite set F ⊂ A, ε > 0,
and any nonzero positive element x ∈ A there is a projection e ∈ A∞ such that
|G|E∞(e)(= g) is a projection and 1−g is equivalent to a projection q ∈ xA∞x. We
note that g 6= 0 by Remark 4.3, and e 6= 0. When we write e = (en) and q = (qn),
we may assume that for each n ∈ N en is projection and 1− en is equivalent to qn.
Define eg = α
∞
g (e) ∈ A∞ for g ∈ G, write eg = [(αg(en))] = [(eg,n)] for g ∈ G.
Then since we have ∑
g∈G
eg =
∑
g∈G
αg(e) = |G|E
∞(e) = g
and g is projection, we may assume that that {eg,n}g∈G are mutually orthogonal
projections for each n ∈ N by [15, Lemma 2.5.6].
Then α∞h (eg) = ehg for all g, h ∈ G, ‖[eg, a]‖ = 0 for all a ∈ F and all g ∈ G,
and
1−
∑
g∈G
eg = 1−
∑
g∈G
α∞g (e)
= 1− |G|E(e)
= 1− g ∼ q ∈ xA∞x,
Then there exists n ∈ N such that
‖αh(eg,n)− ehg,n‖ < ε
for all g, h ∈ G,
‖[eg,n, a]‖ < ε
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for all a ∈ F and g ∈ G, and
1−
∑
g∈G
eg,n ∼ qn ∈ xAx.
Set fg = eg,n for g ∈ G, then we have
‖αh(fg)− fhg‖ < ε,
for all g, h ∈ G,
‖[fg, a]‖ < ε
for all a ∈ F and g ∈ G, and
1−
∑
g∈G
fg ∼ qn ∈ xAx.
Hence α has the tracial Rokhlin property.
The following is a key lemma to prove the main theorem in this section.
Lemma 4.7. Let A ⊃ P be an inclusion of unital C*-algebras and E a conditional
expectation from A onto P with index finite type. Suppose that A is simple. If E
has the tracial Rokhlin property with a Rokhlin projection e ∈ A∞ and a projection
g = (IndexE)E∞(e), then there is a unital linear map β : A∞ → P∞g such that for
any x ∈ A∞ there exists the unique element y of P∞ such that xe = ye = β(x)e and
β(A′ ∩ A∞) ⊂ P ′ ∩ P∞g. In particular, β|A is a unital injective *-homomorphism
and β(x) = xg for all x ∈ P .
Proof. Since E has the tracial Rokhlin property, A has the Property (SP) or E
has the Rokhlin property by Lemma 4.2. If E has the Rokhlin property, then the
conclusion comes from Lemma 2.5 in [22] with g = 1. Therefore we may assume
that A has the Property (SP).
Since A has the Property (SP), g and e are nonzero projections by Remark 4.3.
As in the same argument in the proof of Lemma 2.5 in [22] we have for any element
x in A∞ there exists a unique element y = (IndexE)E∞(xe) ∈ P∞ such that
xe = ye. Note that since eg = e by Remark 4.4, we have
yg = (IndexE)E∞(xe)g
= (IndexE)E∞(xeg)
= (IndexE)E∞(xe) = y.
Then we can define a unital map β : A∞ → P∞g such that xe = ye = β(x)e and
β(A′ ∩ A∞) ⊂ P ′ ∩ P∞g.
Note that β is injective. Indeed, if β(x) = 0 for x ∈ A xe = 0. Hence from the
definition of the tracial Rokhlin property for E, x = 0.
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Since for any x ∈ A
β(x)g = (IndexE)E∞(xe)g
= (IndexE)E∞(xeg)
= (IndexE)E∞(ex) (= β(x))
= (IndexE)E∞(gex)
= g(IndexE)E∞(xe)
= gβ(x),
we know that β|A is a unital *-homomorphism from A to gP
∞g from the same
argument as in the proof of Lemma 2.5 in [22]. In particular for any x ∈ P we have
β(x) = (IndexE)E∞(xe)
= x(IndexE)E∞(e)
= xg(= gx).
Proposition 4.8. Let P ⊂ A be an inclusion of unital C*-algebras with index
finite type and E : A → P has the tracial Rokhlin property. Suppose that A is
simple with tsr(A) = 1. Then tsr(P ) = 1.
Proof. Since E has the tracial Rokhlin property, E has the Rokhlin property or A
has the Property (SP) by Lemma 4.2. If E has the Rokhlin property, we conclude
that tsr(P ) = 1 by [13]. Therefore, we assume that A has the Property (SP). Then
we know that P is simple and has the Property (SP) by Proposition 4.5.
Since A is stably finite and an inclusion P ⊂ A is of index-finite type, P is stably
finite. Hence, using the idea in [25] we have only to show that any two sided zero
divisor in P is approximated by invertible elements in P .
Let x ∈ P be a two sided zero diviser. From [25, Lemma 3.5] we may assume
that there is a positive element y ∈ P such that yx = 0 = xy. Since P has the
Property (SP), there is a non-zero projection e ∈ yPy. Since P is simple, we can
take orthogonal projections e1 and e2 in P such that e = e1+ e2 and e2  e1. Note
that x ∈ (1 − e1)A(1 − e1). Since tsr((1 − e1)A(1 − e1)) = 1, there is an invertible
element b in (1 − e1)A(1− e1) such that ||x − b|| <
1
3
ε.
Since E has the tracial Rokhlin property, there is a projection g ∈ P ′ ∩P∞ such
that 1− g  e2. That is, there is a partial isometry w ∈ P
∞ such that w∗w = 1− g
and ww∗ ≤ e1. Moreover, ||β(x) − β(b)|| <
1
3
ε by Lemma 4.7. Note that β(b) is
invertible in gP∞g.
Set
z =
ε
3
(e1 − ww
∗) +
ε
3
w +
ε
3
w∗ + (1− g)x(1 − g).
Then z is invertible in e1P
∞e1 + (1− g)(1− e1)P
∞(1− e1)(1− g) and
||z − (1 − g)x(1− g)|| <
ε
3
.
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Then β(b) + z ∈ P∞ is invertible and
||x− (β(b) + z)|| = ||xg + x(1− g)− β(b)− z||
= ||β(x) − β(b) + (1− g)x(1 − g)− z||
≤ ||β(x) − β(b)||+ ||(1− g)x(1 − g)− z||
≤
ε
3
+
ε
3
< ε.
Write β(b) + z = (yn) such that yn is invertible in P . Therefore, there is a yn
such that ||x− yn|| < ε, and we conclude that tsr(P ) = 1.
Proposition 4.9. Let P ⊂ A be an inclusion of unital C*-algebras with index
finite type and E : A → P has the tracial Rokhlin property. Suppose that A is
simple with real rank zero. Then P has real rank zero.
Proof. Let x ∈ P be a self-adjoint element and ε > 0. Consider a continuous real
valued function f is defined by f(x) = 1 for |x| ≤
ε
12
, f(t) = 0 if |x| ≥
ε
64
, and
f(t) is linear if
ε
12
≤ |x| ≤
ε
6
. We may assume that f(x) 6= 0. Note that ‖yx‖ <
ε
6
for any y ∈ f(x)Pf(x).
Since A is simple and has the Property (SP), P has the Property (SP), that
is, there is a non-zero projection e ∈ f(x)Pf(x). Moreover, there are orthogonal
projections e1 and e2 such that e = e1 + e2 such that e2  e1. Then
||x− (1− e1)x(1 − e1)|| = ||e1xe1 + e1x(1− e1) + (1− e1)xe1)||
<
3ε
12
=
ε
4
As in the same step in the argument in Proposition 4.8 we have there is an
invertible self-adjoint element z ∈ P such that ||(1−e1)x(1−e1)−z|| <
2ε
3
. Hence,
we have ||x− z|| < ε, and we conclude that P has real rank zero.
The following lemma is important to prove that heredity of the local tracial
C-property for an inclusion of unital C*-algerbas.
Lemma 4.10. Let P ⊂ A be an inclusion of unital C*-algebras with index finite
type and E : A → P has the tracial Rokhlin property. Suppose that projections
p, q ∈ P∞ satisfy ep = pe and q  ep in A∞, where e is the Rokhlin projection for
E. Then q  p in P∞.
Proof. Let s be a partial isometry in A∞ such that s∗s = q and ss∗ ≤ ep.
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Set v = (IndexE)1/2E∞(s). Then
v∗vep = IndexEE
∞(s)∗E∞(s)ep
= IndexEE∞(s∗e)E∞(es)ep
= IndexEeps
∗eepesep
= eps
∗esep (IndexEeepe = e)
= E∞(s∗es)ep
= E∞(s∗s)ep
= E∞(q)ep
= qep.
Hence
Eˆ∞(v∗vep) = Eˆ
∞(qep)
(IndexE)−1v∗v = (IndexE)−1q
v∗v = q.
Since
pv = p(IndexE)1/2E∞(s)
= (IndexE)1/2E∞(ps)
= (IndexE)1/2E∞(s)
= v,
we have q  p in P∞.
Theorem 4.11. Let C be a class of weakly semiprojective C*-algebras satisfying
conditions in Theorem 3.3. Let A ⊃ P be an inclusion of unital C*-algebras and E
a conditional expectation from A onto P with index finite type. Suppose that A is
simple, local tracial C-algebra and E has the tracial Rokhlin property. Then P is
a local tracial C-algebra.
Proof. We shall prove that for every finite set F ⊂ P , every ε > 0, and z ∈ P+\0
there are C*-algebra Q ∈ C with q = 1Q and *-homomorphism pi : Q→ A such that
‖pi(q)x− xpi(q)‖ < ε for all x ∈ F , pi(q)Spi(q) ⊂ε pi(Q), and 1− pi(q) is a equivalent
to some non-zero projection in zPz.
Since E has the tracial Rokhlin property, A has the Property (SP) or E has the
Rokhlin property by Lemma 4.2.
Suppose that E has the Rokhlin property. We have then from Lemma 2.5 in
[22] there is a unital *-homomorphism β : A → P∞ such that β(x) = x for all
x ∈ P . Since A is a local tracial C-algebra, there is an algebra B ∈ C with 1B = p
and *-homomorphism pi : B → A such that ‖xpi(p) − pi(p)x‖ < ε for all x ∈ F ,
pi(p)Fpi(p) ⊂ε pi(B), and 1 − pi(p) is equivalent to a non-zero projection q ∈ zAz.
Since E has the Rokhlin property, there exists a non-zero projection e ∈ A′ ∩ A∞
such that E∞(e) = 1IndexE .
Since B is weakly semiprojective, there exists k ∈ N and β ◦ pi : B →
∏∞
n=k P
such that β ◦ pi = pik ◦β ◦ pi, where pik((bk, bk+1, . . . )) = (0, . . . , 0, bk, bk+1, . . . ). For
each l ∈ N with l ≥ k let βl a *-homomorphism from B to P so that β ◦ pi(b) =
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(βn(b))
∞
n=k for b ∈ B. Then β ◦ pi(b) = (0, . . . , 0, βk(b), βk+1(b), . . . ) + C0(P ) for
b ∈ B and βl is a *-homomorphism for l ≥ k.
Since 1− p ∼ q ∈ zAz,
1− β ◦ pi(p) = 1− β(1 − pi(p))
= β(1 − pi(p)) ∼ β ◦ pi(q) ∈ β(zAz)
[(1− βk(pi(p)))] ∼ [(qk)] ∈ zP∞z,
where each qk are projections in P . Taking the sufficient large k since limk ‖βk(x)−
x‖ = 0 for x ∈ P , we have
(1) ‖xβk(p)− βk(p)x‖ < 2ε for any x ∈ F ,
(2) βk(p)Fβk(p) ⊂ε βk(p)βk(B)βk(p), and
(3) 1− βk(p) = βk(1− p) ∼ qk ∈ zPz.
Hence P is a local tracially C-algebra.
Suppose that A has the Property (SP). Since A is simple, from Proposition 4.5 P
has also the Property (SP). Let F ⊂ P be a finite set, ε > 0, and z ∈ P+\0. Since
P is simple and has the Property (SP), there is orthogonal non-zero projections
r1, r2 ∈ zPz.
Since A is a local tracial C-algebra, there is an algebra B ∈ C with 1B = p
and *-homomorphism pi : B → A such that ‖xpi(p) − pi(p)x‖ < ε for all x ∈ F ,
pi(p)Fpi(p) ⊂ε B, and 1 − pi(p) is equivalent to a non-zero projection q ∈ r1Ar1.
Since E has the tracial Rokhlin property, there exist the Rokhlin propjection e′ ∈
A′ ∩ A∞. Take another Rokhlin projection e ∈ A′ ∩ A∞ for a projection e′r2 such
that g = IndexEE(e) satifies 1 − g is equivalent to a projection e′r2A∞e′r2, that
is, 1− g  e′r2 in A
∞. By Lemma 4.10 we know, then, that 1− g  r2 in P
∞, that
is, there is a projection s ≤ r2 ∈ P
∞ such that 1− g ∼ s.
Write g = [(gn)] for some projections {gk}k∈N ⊂ P . From Lemma 4.7 there
exists injective *-homomorphism β : A→ gP∞g such that β(x) = xg for all x ∈ P .
Since B is weakly semiprojective, there exists k ∈ N and β ◦ pi : B →
∏∞
n=k P such
that β ◦ pi = pik ◦ β ◦ pi, where
pik((bk, bk + 1, . . . )) = (0, . . . , 0, bk, bk+1, . . . ) + C0(P ).
For each l ∈ N with l ≥ k let βl be a map from B to glPgl so that β ◦ pi(b) =
(βl(b))
∞
l=k for b ∈ B. Then β ◦ pi(b) = (0, . . . , 0, βk(b), βk+1(b), . . . ) + C0(P ) for all
b ∈ B and βl is a *-homomorphism for l ≥ k.
Since 1− pi(p) ∼ q ∈ r1Ar1,
1− (β ◦ pi)(p) = 1− g + g − β(pi(p))
= 1− g + β(1− pi(p))
∼ s+ β(q) ∈ r2P
∞r2 + ι ◦ β(r1Ar1)
⊂ r2P
∞r2 + r1P
∞r1 ⊂ zP∞z,
we have [(1 − βk(p)))] ∼ [(qk)] ∈ zP∞z,
where each qk is projection in P . Taking the sufficient large k since limk ‖βk(x) −
x‖ = 0 for x ∈ P , we have
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(1) ‖xβk(p)− βk(p)x‖ < 2ε for any x ∈ F ,
(2) βk(p)Fβk(p) ⊂ε βk(p)βk(B)βk(p), and
(3) 1− βk(p) ∼ qk ∈ zPz.
Hence P is a local tracially C-algebra.
Corollary 4.12. Let P ⊂ A be an inclusion of unital C*-algebras and E a con-
ditional expectation from A onto P with index finite type. Suppose that A is an
infinite dimensional simple C*-algebra with tracial topological rank zero (resp. less
than or equal to one) and E has the tracial Rokhlin property. Then P has tracial
rank zero (resp. less than or equal to one).
Proof. Since the classes T (k) (k = 0, 1) are semiprojective with respect to a class
of unital C*-algebras ([17]) and finitely saturated ([20, Examples 2.1 and 2.2, and
Lemma 1.6]), the conclusion comes from Theorem 4.11 and Definition 3.8.
5. Jiang-Su absorption
In this section we discuss about the heredity for the Jiang-Su absorption for an
inclusion of unital C*-algebras with the tracial Rokhlin property.
Definition 5.1. ([8]) A unial C*-algebra A is said to be tracially Z-absorbing if
A 6∼= C and for any finite set F ⊂ A and non-zero positive element a ∈ A and n ∈ N
there is an order zero construction φ : Mn → A such that the following hold:
(1) 1− φ(1)  a,
(2) For any normalized element x ∈Mn and any y ∈ F we have ‖[φ(x), y)]‖ < ε.
Theorem 5.2. ([8, Theorem 4.1]) Let A be a unital, separable, simple, nuclear
C*-algebra. If A is tracially Z-absorbing, then A ∼= A⊗Z.
Note that for a simple unital C*-algebraA if A is Z-absorbing, then A is tracially
Z-absorbing ([8, Proposition 2.2]).
Theorem 5.3. Let P ⊂ A be an inclusion of unital C*-algebra and E be a condi-
tional expectation from A onto P with index finite type. Suppose that A is simple,
separable, unital, tracially Z-absorbing and E has the tracial Rohklin property.
Then P is tracially Z-absorbing.
Proof. Take any finite set F ⊂ P and non-zero positive element a ∈ P and n ∈ N.
Since E : A → P has the tracial Rokhlin property, E has the Rokhlin property or
A has the Property (SP). If E has the Rokhlin property, then P is Z-absorbing
([22]), and we are done. Hence we may assume that A has the Property (SP).
Since A is simple and has the Property (SP), P has the Property (SP) by Propo-
sition 4.5. Then there exists orthogonal projections p1, p2 in aPa.
Since A is tracially Z-absorbing, there is an order zero construction φ : Mn → A
such that the following hold:
(1) 1− φ(1)  p1,
(2) For any normalized element x ∈Mn and any y ∈ F we have ‖[φ(x), y)]‖ < ε.
Since E : A → P has the tracial Rokhlin, there is a projection e ∈ A′ ∩ A∞
satisfying (IndexE)E∞(e) = g is a projection and 1−g  p2. Moreover, there is an
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injective *homomorphism β from A into gP∞g such that β(1) = g and β(a) = ag
for a ∈ P .
Then a function β ◦ φ(= ψ) : Mn → P
∞ is an order zero map such that
(i)
1− ψ(1) = 1− (β ◦ φ)(1)
= 1− g + β(1− φ(1))
 p2 + β(p1)
= p2 + p1β(1)
 a
, that is, 1− ψ(1)  a in P∞.
(ii) For any normalized element x ∈Mn and y ∈ F
‖[ψ(x), y]‖ = ‖[β(φ(x)), y]‖
= ‖β(φ(x))y − yβ(φ(x))‖
= ‖β(φ(x))β(y) − β(y)β(φ(x))‖
= ‖β(φ(x)y − yφ(x))‖
≤ ‖φ(x)y − yφ(x)‖ < ε.
Since C∗(φ(Mn)) is semiprojective by [34, Proposition 3.2 (a)], there is a k ∈ N
and a *-homomorphism β˜ : C∗(φ(Mn)))→ ΠP/⊕
k
i=1P → P
∞ such that pik ◦ β˜ = β,
where pik be the canonical map from ΠP/ ⊕
k
i=1 P to P
∞. Write β˜(x) = (β˜n(x)) +
⊕ki=1P and g = (gl) for some projection gl ∈ P for l ∈ N. We have, then, for
sufficient large l there is an order zero map β˜l ◦ φ : Ml → P such that
(iii)
1− β˜l ◦ φ(1) = 1− β˜l(φ(1))
= 1− gl + gl − β˜l(φ(1))
= 1− gl + β˜l(1− φ(1)) (β˜l(1) = gl)
 1− gl + β˜l(p1)
 p2 + p
′
1,
where p′1 ∈ glPgl is projection such that β˜l(p1) ∼ p
′
1. Note that since
‖β˜l(p1) − plgl‖ is very small, there are projections p
′
1 ∈ glPgl and p
′′
1 ∈
p1Pp1 such that β˜l(p1) ∼ p
′
1 ∼ p
′′
1 . Since p2⊥p
′′
1 , from [3, 1.1 Proposition]
p2 + p
′
1  p2 + p
′′
1 . Hence we have
1− β˜l ◦ φ(1)  p2 + p
′′
1
 a
(iv) For any normalized element x ∈Mn and y ∈ F ‖[β˜n ◦ φ(x), y]‖ < 3ε.
This implies that P is the tracially Z-absorbing.
The following is the main theorem in this note.
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Theorem 5.4. Let P ⊂ A be an inclusion of unital C*-algebra and E be a con-
ditional expectation from A onto P with index finite type. Suppose that A is
simple, separable, nuclear, Z-absorbing and E has the tracial Rohklin property. P
is Z-absorbing.
Proof. It follows from Theorem 5.3 and Theorem 5.2.
Corollary 5.5. Let A be an infinite dimensional simple separable unital C*-algebra
and let α : G → Aut(A) be an action of a finite group G with the tracial Rokhlin
property. Suppose that A is Z-absorbing. Then we have
(1) ([8]) The fixed point algebra Aα and the crossed product A ⋊α G are Z-
absorbing.
(2) For any subgroup H of G the fixed point algebra AH is Z-absorbing.
Proof. (1): Since the canonical conditional expectation E : A→ Aα has the tracial
Rokhlin property by Proposition 4.6, Aα is Z-absorbing by Corollary 5.4.
Let |G| = n. Then A ⋊α G is isomorphic to pMn(A
α)p for some projection
p ∈ Mn(A
α). Since Aα is Z-absorbing, pMn(A
α)p is Z-absorbing [32], hence
A⋊α G is Z-absorbing.
(2): Since α|H : H → Aut(A) has the tracial Rokhlin property by [5, Lemma 5.6],
we know that AH is Z-absorbing by (1).
6. Cuntz-equivalence for inclusions of C*-algebras
In this section we study the heredity for Cuntz equivalence for an inclusion of
unital C*-algebras with the tracial Rokhlin proerty.
Let M∞(A)
+ denote the disjoint union ∪∞n=1Mn(A)
+. For a ∈ Mn(A)
+ and
b ∈ Mm(A)
+ set a ⊕ b = diag(a, b) ∈ Mn+m(A)
+, and write a  b if there is
a sequence {xk} in Mm,n(A) such that x
∗
kbxk → a. Write a ∼ b if a  b and
b  a. Put W (A) == M∞(A)
+/ ∼, and let 〈a〉 ∈ W (A) be the equivalence class
containing a. Then W (A) is a positive ordered abelian semigroup with equipped
with the relations:
〈a〉+ 〈b〉 = 〈a⊕ b〉, 〈a〉 ≤ 〈b〉 ⇔ a  b, a, b ∈M∞(A)
+.
We call W (A) a Cuntz semigroup.
Lemma 6.1. Let P ⊂ A be an inclusion of unital C*-algebras with index finite type
and E : A → P has the tracial Rokhlin property. Suppose that positive elements
a, b ∈ P∞ satisfy eb = be and a  eb in A∞, where e is the Rokhlin projection for
E. Then a  b in P∞.
Proof. Since a  b in A∞, there is a sequence {vn}n∈N in A
∞ such that ‖a −
v∗nebvn‖ → 0 (n→∞).
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Let E : A → P be a conditional expectation of index finite type. Set wn =
(IndexE)
1
2E∞(evn) for each n ∈ N. Then, since
w∗nbwneP = (IndexE)E
∞(v∗ne)bE
∞(evn)eP
= (IndexE)E∞(v∗neb)E
∞(evn)eP
= (IndexE)eP v
∗
nebeP evneP
= (IndexE)eP v
∗
nbeeP evneP
= eP v
∗
nbvneP
= E∞(v∗nbvn)eP ,
w∗nbwn = E
∞(v∗nbvn). Therefore,
‖a− w∗nbwn‖ = ‖a− E
∞(v∗nebvn)‖
= ‖E∞(a− v∗nebvn)‖
≤ ‖a− v∗nebvn‖ → 0 (n→∞).
This implies that a  b in P∞.
Proposition 6.2. Let P ⊂ A be an inclusion of unital C*-algebras with index finite
type. Suppose that E : A → P has the tracial Rokhlin property. If two positive
elements a, b ∈ P satisfy a  b in A, then a  b in P .
Proof. Let a, b ∈ P be positive elements such that a  b in A and ε > 0. Since for
any constant K > 0 a  b is equivalent to Ka  Kb, we may assume that a and b
are contractive. When b is invertible, then a = (a1/2b−1/2)b(a1/2b−1/2)∗, and a  b
in P . Hence we may assume that b has 0 as a spectrum.
Since a  b in A, there is δ > 0 and r ∈ A such that fε(a) = rfδ(b)r
∗, where
fε : R
+ → R+ by
fε(t) =


0, t ≤ ε
ε−1(t− ε), ε ≤ t ≤ 2ε
1, t ≥ 2ε.
Set a0 = fδ(b)
1/2r∗rfδ(b)
1/2. Then fε(a) ∼ a0. Set a continuos function gδ(t) on
[0, 1] by
gδ(t) =
{
δ−1(δ − t) 0 ≤ t ≤ δ
0 δ ≤ t ≤ 1.
Since b has 0 as a spectrum, gδ(b) 6= 0 and gδ(b)fδ(b) = 0. Note that gδ(b)(= c)
belongs to bPb. Therefore, there are positive elements a0 in bAb and c in bPb such
that (a− ε)+  a0 + c in A. Indeed,
(a− ε)+  fε(a)
∼ a0
 a0 + c. ([3, Proposition 1.1])
Take a Rokhlin projection e ∈ A′ ∩ A∞ for E. Then there is a projection
g ∈ P ′ ∩ P∞ such that (1 − g)  ec. Hence (a − ε)+(1 − g)  ec in A
∞. By
Lemma 6.1 (a− ε)+(1 − g)  c in P
∞.
We have then in P∞
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(a− ε)+ = (a− ε)+g + (a− ε)+(1− g)
= β((a − ε)+) + (a− ε)+(1 − g)
 β(a0) + (a− ε)+(1− g) ([3, Proposition 1.1])
 β(a0) + c ∈ bP∞b, ([3, Proposition 1.1])
where β : A→ gP∞g by Lemma 4.7. Hence (a− ε)+  b in P
∞.
Since ε > 0, we have a  b in P∞, and a  b in P .
7. Strict comparison property
In this section we study the strictly comparison property for a Cuntz semigroup
and show that for an inclusion P ⊂ A of exact, unital C*-algebras with the tracial
Rokhlin property if A has strictly comparison, then so does P . When E : A → P
has the Rokhlin property, the statement is proved in [23].
A dimension function on a C*-algebra A is a function d : M∞(A)
+ → R+ which
satisfies d(a ⊕ b) = d(a) + d(b), and d(a) ≤ d(b) if a  b for all a, b ∈ M∞(A)
+. If
τ is a positive trace on A, then
dτ (a) = lim
n→∞
τ(a
1
n ) = lim
ε→0+
τ(fε(a)), a ∈M∞(A)
+
defines a dimension function on A. Every lower semicontinuous dimension function
on an exact C*-algebra arises in this way ([2, Theorem II.2.2], [7], [11]). For the
Cuntz semigroup W (A) an additive order preserving mapping d˜ : W (A) → R+ is
given by d˜(〈a〉) = d(a) from a dimension function d on A. We use the same symbol
to denote the dimension function on A and the corresponding state on W (A).
Recall that an C*-algebra A has strict comparison if whenenver x, y ∈ W (A) are
such that d(x) < d(y) for all dimension function d on A, then x ≤ y. If A is simple,
exact and unital , then the strictly comparison property is equivalent to the strictly
comparison proeprty by traces, that is, for all x, y ∈ W (A) one has that x ≤ y if
dτ (x) < dτ (y) for all tracial states τ on A ([28, Corollary 4.6]).
Let T(A) be the set of all traces on a C*-algebra A.
Proposition 7.1. Let E : A→ P be of index finite type and has the tracial Rokhlin
property. Then the restriction map defines a bijection from the set T(A) to the set
T(P ).
Proof. Since E : A → P has the tracial Rokhlin property, for any n there are a
projection gn ∈ P
∞ and an injective *-homomorphism βn from A to gnP
∞gn such
that β(x) = xgn for all x ∈ P and τ
∞(1−gn) <
1
n for any τ ∈ T(P). Then we show
that the map T(P) ∋ τ 7→ w∗− lim(τ∞ ◦ βn) ∈ T(A) is an inverse of the restriction
map, where τ∞ be the extended tracial state of τ on P∞ and w∗− means the
weak*-limit.
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Let R be the restriction map of τ ∈ T(A) to P . For τ ∈ T (P ) τ∞ ◦βn is a tracial
state on A. Then for any a ∈ P
R(w∗− lim(τ∞ ◦ βn))(a) = w
∗− lim(τ∞(agn))
= τ∞(a)
= τ(a).
Hence R is surjective.
Suppose that R(τ1) = R(τ2) for τ1, τ2 ∈ T (A). Since E : A→ P is of index finite
type, there exists a quasi-basis {(ui, u
∗
i )}
n
i=1 ⊂ A×A such that for any x ∈ A
x =
n∑
i=1
E(xui)u
∗
i =
n∑
i=1
uiE(u
∗
i x).
Let τ1 − τ2 = (τ1 − τ2)+ − (τ1 − τ2)− be the Jordan decomposition of τ1 − τ2.
Since E is completely positive, τ ◦ E is completely positive. We have then by the
Schwarz inequality
|(τ1 − τ2)+(E(xui)u
∗
i )τ(E(xui)u
∗
i )
∗| ≤ |(τ1 − τ2)+(E(xui)u
∗
i (E(xui)
∗u∗i )
∗)|
= |(τ1 − τ2)+(E(xui)u
∗
i uiE(xui)
∗)|
≤ ‖ui‖
2|(τ1 − τ2)+(E(xui)E(xui)
∗)| = 0.
Hence (τ1 − τ2)+(E(xui)u
∗
i ) = 0. This means that
(τ1 − τ2)+(x) =
n∑
i=1
(τ1 − τ2)+(E(xui)u
∗
i ) = 0.
Hence (τ1 − τ2)+ = 0. Similarly, (τ1 − τ2)− = 0. Hence, τ1 − τ2 = 0, and R is
injective.
Theorem 7.2. Let P ⊂ A be an inclusion of unital C*-algebras with index finite
type. Suppose that A is simple and exact and A has strict comparison, and E : A→
P has the tracial Rokhlin property. Then P has strict comparison.
Proof. Since E : A → P is of index finite type and A is simple, P is exact and
simple. Note that the strict comparison property is equivalent to the the strict
comparison property given by traces, i.e., for all x, y ∈ C(A) one has that x ≤ y if
dτ (x) < dτ (y) for all tracial states τ on A (see [29, Remark 6.2] [28]).
Since E ⊗ id : A ⊗ Mn → P ⊗ Mn is of index finite type and has the tracial
Rokhlin property, it suffices to verify the condition that whenever a, b ∈ P are
positive elements such that dτ (a) < dτ (b) for all τ ∈ T(P), then a  b.
Let a, b ∈ P be positive elements such that dτ (a) < dτ (b) for all τ ∈ T(P). Then
by Proposition 7.1 we have dτ (a) < dτ (b) for all tracial states τ ∈ T(A). Since A
has strict comparison, x  y in A. Therefore By Proposition 6.2 a  b in P , and
P has strict comparison.
Corollary 7.3. Let P ⊂ A be an inclusion of unital C*-algebras with index finite
type. Suppose that A is simple and the order on projections on A is determined
by traces, and E : A → P has the tracial Rokhlin property. Then the order on
projections on P is determined by traces.
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Proof. Since E ⊗ id : A⊗Mn → P ⊗Mn is of index finite type and has the tracial
Rokhlin property, it suffices to verify the condition that whenever p, q ∈ P are
projections such that τ(p) < τ(q) for all τ ∈ T(P), then p is the Murray-von
Neumann equivalent to a subprojection of q in P .
Let p, q ∈ P be projections such that τ(p) < τ(q) for all τ ∈ T(P). Then by
Proposition 7.1 we have τ(p) < τ(q) for all tracial states τ ∈ T(A). Since the order
on projections on A, p is the Murray-von Neumann subequivalnt to q in A, and
p  q in A by [26, Proposition 2.1]. Therefore By Proposition 6.2 p  q in P , and
p is the Murray-von Neumann equivalent to a subprojection of q in P . Hence the
order on projections on P is determined by traces.
The following is well-known.
Lemma 7.4. let A be an exact C*-algebra and p be a projection of A. Suppose
that A has strictly comparison. Then so does pAp.
Proof. Since for each n ∈ N Mn(A) is exact and has strictly comparison, we have
only to show that whenever a, b ∈ pAp are positive elements such that dτ (a) < dτ (b)
for all tracial states τ ∈ T(pAp), then a  b.
Let a, b ∈ pAp be positive elements such that dτ (a) < dτ (b) for all tracial states
τ ∈ T(pAp). Then for any tracial ρ ∈ T(A) the restriction ρ|pAp belongs to T(pAp).
Since dρ(a) = dρ|pAp(a) < dρ|pAp(b) = dρ(b), we have a  b in A by the assumption.
Hence there is a sequence {xn} ⊂ A such that ‖x
∗
nbxn − a‖ → 0. Set yn = pxnp ∈
pAp for each n ∈ N, then
‖y∗nbyn − a‖ = ‖px
∗
npbpxnp− pap‖
= ‖px∗nbxnp− pap‖
≤ ‖x∗nbxn − a‖ → 0,
and a  b in pAp. Therefore, pAp has strict comparison.
Corollary 7.5. Let A be an infinite dimensional simple separable unital C*-algebra
and let α : G → Aut(A) be an action of a finite group G with the tracial Rokhlin
property. Suppose that A is exact and has strict comparsion. Then we have
(1) [8] The fixed point algebra Aα and the crossed product A⋊α G have strict
comparioson.
(2) For any subgroup H of G the fixed point algebra AH has strict comparison.
Proof. (1) Since the canonical conditional expectation E : A → Aα has the tracial
Rokhlin property by Proposition 4.6, Aα has strict comparison by Theorem 7.3.
Let |G| = n. Then A ⋊α G is isomorphic to pMn(A
α)p for some projection
p ∈Mn(A
α). Since Aα has strict comparison, pMn(A
α)p has strict comparison by
Lemma 7.4, hence A⋊α G has strict comparison.
(2): Since α|H : H → Aut(A) has the tracial Rokhlin property by [5, Lemma 5.6],
we know that AH has strict comparison by (1).
Similarly we have the following.
Corollary 7.6. Let A be an infinite dimensional simple separable unital C*-algebra
and let α : G → Aut(A) be an action of a finite group G with the tracial Rokhlin
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property. Suppose that the order on projections on A is determined by traces.
Then we have
(1) [8] The order on projections on the fixed point algebra Aα and the crossed
product A⋊α G is determined by traces.
(2) For any subgroupH of G the order on projections on the fixed point algebra
AH is determined by traces.
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